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Abstract

This paper reviews algorithms for local computation
with imprecise probabilities. These algorithms try to
solve problems of inference (calculation of conditional
or unconditional probabilities) in cases in which there
are a large number of variables. There are two main
types depending on the nature of assumed indepen-
dence relationships in each case. In both of them the
global knowledge is composed of several pieces of lo-
cal information. The objective is to carry out a sound
global computation but mainly using the initial local
representation.
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1 Introduction

This paper reviews local computation algorithms to
compute with imprecise probabilities. In general, it is
assumed the case closed and convex sets with a finite
set of extreme probability distributions.

Local computation techniques have been successfully
applied to the case of classical probabilities [30, 23].
With the development of algorithms in an abstract
framework [36, 6], these techniques have also been ap-
plied to other formalisms of representing uncertainty
including convex sets of probabilities.

Several and very different methodologies have been
designed for the computation with imprecise probabil-
ities. In this paper, these approaches are classified ac-
cording to the underlying independence relationships.
Section 2 considers the fundamentals of the calculus
with convex sets. The concepts of marginal, condi-
tional and ’a posteriori’ information are given. Two
definitions of independence [11, 8] are also given. The
first one is called unknown interaction. It is a rather
weak notion and it is not a generalization of classi-
cal stochastic independence. The second one, called

strong independence, generalizes stochastic indepen-
dence and it is the most common type of indepen-
dence that can be found in the propagation of impre-
cise probabilities literature. Section 3 introduces local
computation techniques in an abstract way, following
Shafer and Shenoy [36]. Section 4 is devoted to lo-
cal computation algorithms for the case of unknown
interaction (this problem is often known as propaga-
tion of probabilistic restrictions). Section 5 is devoted
to the algorithms under strong independence. It is
shown how this problem can be transformed in an op-
timization problem by adding new variables which are
called transparent variables [4]. Then, some general
global optimization techniques to solve this problem
are considered, such as simulated annealing, gradient
techniques or genetic algorithms. Finally, Section 6 is
devoted to the conclusions.

2 Basic Notions of Convex Sets of
Probability Distributions

Assume that we have a population Q and a n-
dimensional variable (X, Xs,...,X},) defined on Q
and such that each X; takes its values on a finite set
U;. For each I C {1,...,n}, X1 will denote the vari-
able (X;);er, taking values on set [[,.; U; (denoted
by U])

i€l

In this paper our knowledge of a problem will be given
by convex sets of probabilities or conditional proba-
bilities. In general, a piece of information relating the
variables in I will be a closed and convex set, H, of
mappings: h : Ur & IR, with a finite set of extreme
points.

As Uy is finite, a mapping is given by the vector of
values (h(u))ycv,. By this reason we shall use the
word vector or point to refer to a mapping h. This
point has |Ur| dimensions, where |U;| is the number of
elements of Uy. The convex set will be usually degen-
erated in this space (some linear equation satisfied).
For example, in the case of probability distributions



the different values have to add one.

If h is a function from U; onto IR, and J C I, then
the marginal of h to Uy is the function A+’ defined
on Uy and given by, A/ (u) = ¥ .s_, h(v), where
v+’ is the element from U; obtained by deleting the
coordinates in I <J. If H is a convex set of functions
on Uy, with extreme points, Ext (H) = {hy,..., ht},
and J C I then the marginalization of H to .J is the
convex set given by,

HY =CH {n{’,... h"} (1)

where CH stands for the convex hull operator (the
minimum convex set containing a given set).

HY is equal to the marginalization on Uy of all the
functions h in H. However not all the marginal of
the extreme points are extreme and it is possible that
some of the functions k)’ are not extreme in H*.

Assume that h is a function from U onto IR and A’
a function from Uj; onto IR, then the multiplication
of these two functions is a function, h.h', defined on
Urus and given by, h.h/(u) = h(u*?).h' (ut’).

This operation is extended to convex sets of functions.
If H is a convex set of mappings in Uy, and H' is a con-
vex set in Uy, with Ext(H) = {h1,...,hi}, Ext(H') =
{h,..., h;}. Then the combination of H and H' will
be a convex set of mappings in Uryy, H ® H' given
by

H®H = CH{hy.h,,...h.h) ... bbby by}

(2)
An important remark of this operation is that H @ H'
is not equal to the set obtained by multiplying all the
functions on H and all the functions on H', because
this set may be non-convex. It is the minimum convex
set containing it.

Another important operation with convex sets is the
intersection. If H is a convex set of mappings in Uy,
and H' is a convex set in Uy, then H N H' is the
convex set of mappings h defined on Uyyy verifying
that h*! € H and h* € H'. HN H' is also a closed
and convex set with a finite set of extreme points.

We shall consider that our ’a priori’ knowledge about
how a variable takes its values is represented by a
closed and convex set of probability distributions,
H, with a finite set of extreme points Ext(H) =
{p1,...,pr}. Each p; is a probability distribution on
U and Ext(H) are the extreme points of H.

In the following, we give the elementary concepts to
work with several variables under convex sets of prob-

ability distributions. We shall assume that (X,Y") is
a pair of variables, X taking values on a finite set U,
and Y on a finite set V. If H is an ’a priori’ piece
of information about (X,Y"), that is a convex set of
probability distributions on U x V', then the marginal
of this information for variable X, HX, is the convex
set of probabilities H+V,

A conditional information about Y given X will be a
closed and convex set, HY!X of mappings, h : U x
V & [0,1], verifying

Zh(u,v) =1,VuelU

veV

and with a finite set of extreme points, Ext(HY X) =
{he .. ).

This is more general than assuming that a conditional
piece of information is a convex set of probabilities for
every possible value of X, that is, for every element
ueU]T].

From a marginal convex set H*X and a conditional
information HYX, we can calculate a global informa-
tion about (X,Y): H = HX @ HYX. However, it is
very simple to prove that every global convex set of
probabilities can not be decomposed this way [28].

Above, we have considered the problem related with
general probabilistic information, that is, information
valid for all the population under study. Now, a differ-
ent aspect is considered: in front of a particular case,
How to particularize the general knowledge to the ob-
servations we have carried out on it? This is called
focusing conditioning [13]. The resulting information
will be called ’a posteriori’ information.

Here we shall only consider the most usual definition
of conditioning consisting in focusing all the possible
probability distributions. Other alternatives can be
found in Moral and Campos [29].

Assume a convex set for variable X: H =
CH{p1,...,pr} and that we have observed 'X belongs
to A’, then the result of conditioning is the convex set,
H|A, generated by the points {p(.|A) : p € H,p(A) #
0}.

The definition can be extended to the case in which
l is a general likelihood function, { : U — [0,1]. H]|!
is equal to the set generated by points {p(.|l) : p €
H, E,[l] # 0}, where p(.|l) is calculated by applying
Bayes’s rule and E, is the mathematical expectation.

If we have variables X and Y taking values on U and
V respectively and H is a global convex set of prob-
ability distributions for these two variables, then by
HX|(Y € B) we will denote the conditioning of H to
the set U x B and the marginalization of the result to



U. That is, HX|(Y € B) = (H|U x B)*U.

The concept of conditional independence is funda-
mental for propagation algorithms. Here we shall con-
sider only two types of independence: unknown in-
teraction and strong independence. A more detailed
study of independence with alternative definitions can
be found in De Campos and Moral [11] and in Couso,
Moral, and Walley [8], where different justifications
and conditions for their application are considered.

Intuitively, X and Y are conditionally independent
given Z, when they are independent under a perfect
knowledge of the value of Z.

Definition 1 (Unknown Interaction) If HX:Y:Z
is a conver set of probability distributions for
(X,Y,Z), then we say that there is unknown inter-
action of X and Y given Z if and only if HXYZ =
HXZ nHYZ,

This is a very weak definition of conditional indepen-
dence and it is not a generalization of probabilistic
conditional independence. It does not imply that
there is no relationship between the variables given
Z. Only implies that knowing the probability about
Z there is not influence between the knowledge of
the probability distributions about X and Y. In that
sense, it is some type of independence. In fact, it is
the minimum we can ask to make the local computa-
tion possible. When there is unknown interaction, the
joint set HX>Y>7 is the natural extension of marginal
sets HX7 and HY'Z (the least informative set with
these marginals). As this definition is very weak and
is not really a generalization of stochastic indepen-
dence, this case in usually referred in the literature
as not assuming independence relationships. In some
cases we will use this expression, though as we have
said earlier it implies the verification of a weak inde-
pendence property.

Definition 2 (Strong conditional independence)
If HXYZ s a global convex set of probabilities for
(X,Y,Z), we say that X and Y are conditionally
strong independent given Z if and only if, HXYZ =
HX,Z ® HY\Z or HX,Y,Z — HY,Z ®HX|Z.

This definition is really a generalization of stochastic
independence. If we have two joint sets HlX’Y’Z and
HQX’Y’Z with the same marginals and such that un-
gXYz

1 and strong
independence in H2X’Y’Z, then it is easy to show that
gXY-Z

2

known interaction is satisfied in

C HlX’Y’Z. So strong independence produces
more informative joint sets (there are less possible
probability distributions) than unknown interaction.

This is the usual condition considered in the litera-
ture when it is said that independence relationships

are assumed, without specifying which type of inde-
pendence relationships are being considered.

If we have a variable X taking values on a finite set U,
then a convex set of probabilities, H, can be given by
a set of linear restrictions, R. Each element in r € R
is an inequality:

r=Ya,pu) <pB (3)

uelU

The set of probability distributions verifying a set
of restrictions R is always a convex set, which will
be denoted as H(R). The set of all the restrictions
which are verified by a convex set H will be denoted
as R(H). It is immediate that R C R(H(R)) and
that H(R(H)) = H.

If H(R) = H we will say that the set of restrictions
R defines the convex set H. In general, given a con-
vex set of probability distributions with a finite set of
extreme points, there is a finite minimal set of restric-
tions defining it.

A set of restrictions R is said to be minimal if and
only if for every set of restrictions R’ C R such that
H(R) = H(R') we have that R = R'. A restriction
r € R is said to be redundant if and only if H(R) =
H(R <{r}).

For a convex set, H, we can use the representation
given by a finite set of points including its extreme
points or the one given by a finite set of restrictions
defining it. In both cases, it is preferable for the rep-
resentation to be minimal.

Algorithms to calculate minimal representations and
to make transformations between them are classical in
the theory of Convex Sets. In concrete we can point
out the following ones:

— Convex Hull calculation.- These algorithms are
used to remove all the non-extreme points of a
finite set. At the same time, they calculate a
minimal set of restrictions defining the convex
hull containing these points. Descriptions can be
found in [14, 32].

— Redundancy elimination.- These algorithms re-
move the set of redundant constraints from a fi-
nite set. A survey can be found in [20].

— Vertex enumeration.- These algorithms calculate
all the extreme points of the convex set defined
by a set of linear constraints. A survey can be
found in [26].

Depending on the operations we want to carry out,
some representations are more appropriate than the



others. For the intersection the restrictions represen-
tation is more appropriate. If H(R;) = Hy, H(R2) =
H,, then it is immediate to show that H(R; U Ry) =
Hi N H>. A redundancy elimination algorithm can be
used to obtain a minimal representation of H; N Hs.

For the combination the most appropriate represen-
tation is the use of the extreme points. In fact this
operation is defined by means of (2) in terms of the ex-
treme points defining the convex set. However not all
the calculated points are extreme, and a convex hull
algorithm should be used if we want to keep minimal
the representation.

The marginalization is expressed in (1) in terms of the
extreme points. So the extreme points representation
is appropriate for this operation. As in the case of
combination a convex hull algorithm is necessary if we
want to remove the non-extreme points. If the convex
set is represented by means of linear restrictions, it is
not a good idea to enumerate all the extreme points
and then to calculate the marginalization. Direct al-
gorithms to carry out the marginalization of a convex
set given by linear restrictions are available and much
more efficient [22]. The direct algorithm calculates all
the extreme points of the marginalized set and not of
the original convex set.

3 An Axiomatic View of Propagation
Algorithms

In this section, we briefly describe the Shafer and
Shenoy axiomatic framework for local computation
[34, 36]. A valuation is a primitive concept meaning
the mathematical representation for a piece of infor-
mation in a given uncertainty theory. In our case,
a valuation will be a convex set, which could repre-
sent an ’a priori’ set of probability distributions, or
a set of conditional probability distributions, or an ’a
posteriori’ conditional information.

We shall assume that for each I C {1,...,n} thereis a
set Vr of valuations defined on the Cartesian product,
Ur. If V € Vi we shall say that V is defined on Uy or
that Uy is the frame of V. We shall also say that V
is defined on 1.

V will be the set of all valuations V = Urcqy,... n}Vr
Two basic operations are necessary:

o Marginalization.- If J C I and Vi € V; then the
marginalization of V; to J is a valuation Vlu in

V.

e Combination.- If Vi € V; and V5 € Vj, then
their combination is a valuation V; ® V5 in Vius

The following axioms are assumed to be verified by
these operations:

Axiom 1 Vy @ Vo = V4, @ V4,
Vi@ (Vo ®V3).

Axiom 2 If I C J C K, and V € Vg, then
(V) = v,

Axiom 3 If V; € V;, Vo € Vy, then (V; @ Vo) =
Vi @ VRN,

(V1®V2)®V3 =

Then, local computation algorithms are developed
and expressed in terms of these operations with val-
uations. In general, the problem they try to solve is
the following: Let R = {Vi,...,V,,} be a set of val-
uations where each V; is defined on s(V;) = I;. We
are interested in the projection on U; of the combi-
nation of all the valuations in R. That is, we want to
calculate[34]:

for a value j € {1,...,n}.

The propagation algorithms use the following basic
step (deletion of k) [34]:

e Let £ € {1,...,n}, k # j. Consider K =
{VieR:kes(Vy)} and L = s(Q K) & {k}.
Then R is transformed into

ReKU{(Q) V)*} (4)

VeEK

This step is repeated deleting all k different from j.
In that moment, all the valuations are defined on {j}
and the desired valuation, R;, is the combination of
all the valuations R in K.

This procedure is much more efficient than combining
all the valuations and marginalizing afterwards and it
is known as the deletion algorithm.

More sophisticated procedures have been developed.
Most of them are based on organizing these calcula-
tions in graphical structures (join trees) [34, 23, 7, 30],
to improve the efficiency of the computations, but all
of them can be considered variations of this basic dele-
tion algorithm.

4 Propagation under Unknown
Interaction

The problem can be stated in the following way: we
have an n-dimensional variable (Xi,...,X,), each
one of the X; taking values on a finite set U;.



We have m pieces of information, each one of them a
convex set of probability distributions H; about some
of the variables in the problem, X7,, i.e. a convex set
of probability distributions on Uy;. Our objective will
be to calculate the induced information about some
variables of interest, Xy, which is given by:

(HiNHyN...NHp)Y (5)

Each Hj is given by a set of linear restrictions, R;,
which may represent bounds on events; or bounds in
conditional probabilities; or in the expected value of
any real valued function defined on Uy;. See Hansen
and Jaumard [18] for a detailed description of how
this representation can be effectively carried out.

The objective is to know which are the possible proba-
bilities induced by Hy,..., H,, in the set of variables
Xj. In general, this is more general than calculat-
ing the bounds for the probability of an event p(ay).
If Hj is calculated then, the bounds for p(as) can be
easily obtained by linear programming from the linear
restrictions defining H ;. Even if we want to calculate
the conditional probability p(ar|ay), this can be done
by calculating H*Y/ and then by solving the cor-
responding fractional programming problems. How-
ever, we think that when we only want to calculated
bounds on events or conditional events, it is more ef-
ficient to apply linear programming techniques to the
original problem H; N...N H,,, instead of calculat-
ing the marginalization in a previous step. There are
linear programming algorithms based on the column
generation technique able to cope with problems of
bounds calculations with a large number of linear re-
strictions [18]. The algorithms in this section should
be applied when our objective is to calculate the re-
strictions defining H*/. In this case, if we further
want to know the bounds for an event associated to
Uy, we could apply the column generation technique
to the restrictions defining H+’.

The local computation algorithm is a consequence of
verification of Shafer and Shenoy axioms for the con-
vex sets marginalization and the intersection as com-
bination operation. More details about the algorithm
can be found in Verdegay [39].

The most important aspect in the implementation of
these algorithms is how operations are carried out. If
the convex sets are represented by linear restrictions,
then combination has no problem: we only have to
make the union of sets of restrictions. If we want
to keep always a minimal set of restrictions, then we
should remove redundant restrictions. However, in
general, we think that the gaining in simplicity does
not compensate for the cost of redundancy elimina-
tion operation. Anyway, we could apply an algorithm

detecting some of the redundancies (it is not com-
plete) but running in a very short time, i.e., we only
reduce the simpler redundancies. An example of this
type of algorithms is given by Imbert and Van Henten-
ryck [19]. The marginalization operation can be also
implemented so that it does not generate redundant
restrictions. Therefore, we can wait and not eliminate
redundancy until a marginalization is carried out.

Marginalization is more difficult in terms of linear re-
strictions. Hansen and Jaumard [18] claim that this
operation involves the enumeration of the vertices of a
convex set which is a very time consuming operation.
This is true but the marginalization can be done by
enumerating essentially the points of the marginal-
ized set, H*, instead of the original convex set H.
This makes marginalization much more efficient be-
cause the number of extreme points of the marginal-
ized set is much more smaller. An example of this
type of algorithms can be obtained by applying the
quantifier elimination technique by Lassez and Lassez
[22].

4.1 Constraints Propagation

In this section we describe some procedures of prop-
agating general knowledge based on the application
of local rules. In general, in all these procedures it is
not possible to propagate every type of restrictions,
but only some particular types, usually bounds in the
conditional probabilities. The proposed rules are al-
ways sound (the results are correct) but, in most of
the cases, they are not complete (there is no guarantee
that we obtain the optimal bounds). The most rele-
vant work in this direction can be found in Amarger,
Dubois, and Prade [1], Dubois et al. [12], Thone [38],
Lukasiewicz [25], and Salo [33].

Amarger, Dubois, and Prade [1], Thone [38], and
Lukasiewicz [25] consider propositional variables
{4i,..., Ay}, that is taking only two possible val-
ues: true and false, and then rules which can be of
the form A ‘&% B, with the meaning that P(4) > 0
and 0 < z; < P(B|A) < z2 < 1. Tt is also possi-

T1,T
ble to work with bidirectional rules A PRl B where
Y1,Y2

(2 = 0 & yo = 0) and the meaning that A ‘&% B
and B &% A. They provide local rules to obtain
new bounds for events of this type from given bounds.
Dubois et al. [12] generalize these bounds to the case
of linguistic probabilities (only a linguistic value is
assigned to the probability of an event).

Salo [33] gives another local rules which are not always
precise but they are given for more general cases of
linear restrictions. Only two variables are considered,
which will be called X and Y. First we have a set of



linear constraints

Zafp(ui)gak, k=1,...,K (6)
i=1

representing a convex set HX, the marginal informa-
tion about X.

For each probability p(v;|u;) for a fixed v;, we have a
convex set, HY="ilX given by a set of linear restric-
tions:

> bip(jlu) < B, 1=1,...,L (7)

i=1

Salo provides procedures to calculate the induced con-
vex sets for the values of p(u;|v;).

5 Propagation Algorithms under
Strong Independence

In this case, the problem is as follows: we have a
convex set of probabilities H about n-dimensional
variable (Xi,...,X,). It is assumed the existence
of strong independence relationships represented by a
directed acyclic graph G [30], allowing a decomposi-
tion of H:

H=H®...® H, (8)

where each H; is a conditional convex set about vari-
able X; given its parents in the graph G: X ;-

This situation is the one that is obtained when we
start with a probabilistic Bayesian network in which
there is one probability distribution with stochastic
independence relationships given by graph G, and we
do not know in a precise way the values of the condi-
tional probability distributions. The only thing that it
is known is that they belong to the given convex sets.
Furthermore, it is necessary to assume that we do not
have more information about these probability distri-
butions, in particular any joint information making
additional restrictions about the unknown probability
distributions. For example, in the case that we have
intervals for the conditional probabilities, if we know
that if P(X; = a;|pa(X;)) is in the upper limit then
so is P(X; = aj|pa(X;)), then this situation is not
directly representable in this model (it can be done,
but adding more variables to the representation).

This convex set H represents the general knowledge
about the problem. Then we have a particular case
and an evidence or set of observations on it:

e={X;, =a,...,X;, =a} 9)
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and a variable of interest X;. Our objective is to cal-
culate the ’a posteriori’ information marginalized on
X;. This ’a posteriori’ information can be calculated
as Hile = (Hle)¥.

Under evidence e = {X;, =af ,...,X;, =a)}, the ’a
posteriori’ information H |e can be expressed as H|e
(H1®..9H,)® {l;,}®...®{l;}), where [;; is the
likelihood associated to observation X;;, = a?j, [7, 4].
In the sense that each probability in H|e is propor-
tional to a point in (H1®...0H,)®({l;, }®...®@{l;}).
So calculating this set is enough to obtain Hle. The
marginal ‘a posteriori’ information for variable X; can
be expressed analogously as:

Hlex (Hy®...9 Hyo{l,}o...0{,})" (10)

And this can be calculated by means of propagation
algorithms, taking into account that ® and marginal-
ization verify the basic propagation axioms [7].

The main problem with convex sets of probabilities
propagation is that if convex Hj is given by m; ex-
treme points and valuation Hs is given by ms points,
then we have to do my X msy pointwise multiplications
of vectors. This may produce that if Hy,..., H, are
the convex sets with which we have specified the prob-
lem, and each valuation H; has m; points, then in the
calculation of the ’a posteriori’ information we may
have mq X - -+ X m, points.

A first method to reduce the complexity is the
use of convex hull algorithms to remove the non-
extreme points after each operation of combination
or marginalization. However, it is not convenient to
apply these algorithms in spaces with a high dimen-
sion for the two following reasons:

— The complexity of the applying a convex hull al-
gorithm increases a lot with the dimension of the
space. For example, in the case of the gift wrap-
ping algorithm with m points on a space of di-
mension & is O(nl*/?llog(n)), where [k/2] is the
integer part of k/2, [32].

— The number of non-extreme points decrease with
the dimension of the space.

So, in most of the cases we should apply approximated
or Monte-Carlo algorithms.

5.1 Approximate Algorithms

Cozman [9, 10] has given approximate methods based
on gradient based search, Expectation-Maximization
techniques or the Lavine’s bracketing algorithm [24].



To explain them, first consider a transformation of
our problem on an equivalent one [4, 5]. For each
variable X;, originally we give a conditional convex
set H; with extreme points {hi,...,h;}. Then, we
add a new node, T;, with [ cases {c1, ..., ¢} and that
will be called the transparent node associated to vari-
able X;. This node is made a parent of variable X;.
On this node we consider that all the probability dis-
tributions are possible (that is the valuation for this
node is a convex set with [ extreme points, each one
of them degenerated in one of the possible cases of
T;). If pa(i) are the original parents of node X; then
the conditional probability of X; given pa(i) U T; is
determined in the following way: Given T3 = ¢ then
the conditional probability of X; given pa(7) is hy, i.e.
P(X; = ui|Ti = cky Xpaiy = Up(i)) = (i, Upa(s)-

With this transformation, the structure of the prob-
lem does not change. The only thing that has been
done is that our lack of knowledge about the condi-
tional probabilities has been made explicit with the
help of an additional node expressing all the the pos-
sible conditional probability distributions. Nothing is
known about this node.

The main point about nodes T; is that when we de-
termine a value for each transparent node, then we
have a completely specified probabilistic system and
then a probabilistic propagation can be carried out.

Let 0 be the unknown probability P(T; = ¢). Call
O the vector of all 6;;,. Fixed a value of ©, then
we have a completely specified probabilistic directed
acyclic graph defining a global probability distribu-
tion Pg. Let X; the variable we want to calculate
the ’a posteriori’ information and v € U;. Cozman
[9, 10] expresses the problem of calculating the upper
value for the probability of X; = u as an optimization
problem:

P(X; = ule) =
max {Pp(X; = ule) : O is a vector of probabilities }

Cozman says that this problem is similar to the prob-
lem of estimating the vector of parameters © given
evidence e. To apply gradient based techniques, he
defines the log-likelihood for © as,

L(©) =log Po(X; = ule) =
log Po(X; = u,e) <log Po(e)
The gradient of L(0O) is obtained by computing,

OL(®) _ Po(Ti = crlXj =ue) , Po(Ti = crle)

89ik eik aik

These values can be obtained by standard probabilis-
tic propagation algorithms, and then a conjugate gra-
dient descent can be constructed by selecting an initial
value of ©® and, at each step, normalizing the values
of © to ensure a proper distribution.

5.2 Simulation Algorithms

Here we briefly describe Monte-Carlo algorithms in
Cano, Cano and Moral [3, 4], and Genetic Algorithms
in Cano and Moral [5] to calculate the ’a posteriori’
information.

All the different Monte-Carlo algorithms are based
in selecting randomly one value for each transparent
node, T3, then making a probabilistic propagation, ob-
taining an ’a posteriori’ vector for the interest variable
of the problem. If we repeat this random selection and
probabilistic propagation we obtain an approximation
of the convex set of ’a posteriori’ vectors. Cano, Cano,
and Moral [3] consider several of them, carrying out
an experimental evaluation.

Simulated annealing is an optimization technique to
solve combinatorial optimization problems [31].

Our problem is to select a configuration of transpar-
ent nodes given rise to a minimum value of proba-
bility for a case of a given variable. The calculation
of the maximum is completely analogous. If given
Ti=c¢,i=1,...,n,and C = (c1,...,cy,) this deter-
mines a probability Pc, and we want to calculate the
upper (lower) interval for X; = wu, then we want to
maximize (minimize) Po(X; = ule).

Cano, Cano and Moral [4] use the cooling procedure
introduced by Kirkpatrick, Gelatt and Vecchi [21].
With this procedure, on each step the temperature
is decreased according to the formula: t;11 = a.t;,
where « is a given constant.

To solve this problem, a triangulation of the original
graph with the added transparent nodes is consid-
ered. Then a sequence of transparent nodes is cho-
sen: T,,,..., T, ,in such a way that two consecutive
nodes of the pair given by the first and the last are
never in two non-connected cliques: that is, they are
in the same clique or in two connected ones. The se-
quence should also contain all the transparent nodes
(some of them repeated). Let K(i) =i+ 1ifi #m
and K(m) = 1.

In these conditions, we define the simulated annealing
algorithm, according to the following terms: a config-
uration is given by a selection of nodes for the trans-
parent variables, T; = ¢;;,j = 1,...,n, and a position
of the transparent nodes sequence [. A neighboring
configuration is given by an assignation in which the

value of 7)., can be modified and the current place



is K(l). The resulting algorithm is based on a local
computation of the optimum function from a neigh-
boring node to another.

On a tree of cliques we have a double system of
messages, according to the Shafer and Shenoy archi-
tecture [36, 35] allowing to calculate the optimum
function in a local way: one system is to compute
Pc(X; = u,e) and the other to compute Pc(e).

In Cano, Cano, and Moral [4] some experimentation
results with this algorithm are reported.

5.3 Genetic Algorithms

Cano and Moral [5] describe the use of a genetic al-
gorithm to obtain points from the non-normalized ’a
posteriori’ convex set for variable X; using an evolu-
tion program [27].

In the evolution program an individual or chromo-
some is a configuration of cases of transparent vari-

ables, T; = ¢;;,j = 1,...,n. Each individual deter-
mines a probability Pcl.1 peosCip *
.. R TP ;. (e, Xj=u;) .
The objective to maximize is —15—= o This
iy veenCin

can be calculated by making one probabilistic prop-
agation to variable X; under probability distribution
P, and evidence e.

Ciq sersCip

Two genetic operators are used: crossover and
mutation. Crossover takes two chromosomes
(Ciryoser,) and (diy .4, ) , it chooses a random
crossover point pos and then do the crossover gen-
erating chromosomes (c1,...Cpos, dpos+1 - --dn) and
(dl, ce dpos: Cpos+1 - - - Cn).

In the mutation stage for each chromosome and for
each position in the chromosome we generate a ran-
dom number r. If r is less than the probability of
mutation then this position is mutated, selecting a
different case for the corresponding transparent node.

A more detailed exposition of the algorithms and ex-
perimentation results can be found in [5].

5.4 The Case of Interval Probabilities

An important particular case that has received some
attention in the literature is when we know an interval
probability for each variable X; given a configuration
of its parents [2, 17, 37, 15]. The situation here is dif-
ferent of interval restrictions propagation (see Section
4.1) because here strong independence relationships
represented by a directed acyclic graph are assumed.

For each variable X; and each configuration of its par-
ents X,,(;) = v we have a pair of elementary proba-
bility intervals (a(.|v), 3(.|v)). Above procedures can

not be directly applied to this case. The problem is
the following: assume that for each v € Upy;) we
can find n, extreme probabilities for variable X;. Let
us call the associated convex set HXra»=_ Then,
the set of possible conditional probability distribu-
tions for X; is the convex set H1P*() given by all the
conditional probability distributions p about X; given
Xpa(iy such that for each v € Uy, we have that
p(.|v) € HXra(H="_ In other words, the possible global
conditional probability distributions on X; are all the
conditional tables such that the row corresponding to
v; is a probability in the convex set HXva»="  This
makes a number of global conditional extreme prob-
abilities equal to HveU,,a(i) ny. But the number of el-
ements of Upa(i) i [Upa(i)| = Ilkepa(sy [Ukl- This pro-
duces a combinatorial explosion in the extreme points
of HP2() making infeasible the definition of a trans-
parent variable 7T;, and therefore the application of
above procedures.

None of the approaches in the literature has consid-
ered this problem in all its generality. Tessem [37] has
considered the cases of directed acyclic graphs with no
loops (undirected cycles). On the other hand, Fertig
and Brease [16, 2, 17] only consider the lower bounds
a(.|v). Fagiuoli and Zaffalon [15] have developed ex-
act algorithms for graphs without loops with binary
variables which are linear in the size of the network.
However, we think that further work is necessary to
apply approximate algorithms to this problem in all
its generality.

6 Conclusions

In this paper, we have given a complete overview
about propagation algorithms for imprecise probabil-
ities. The main contribution is the classification of
the algorithms according to the underlying indepen-
dence assumptions. This may help to clarify a field
in which, at a first glance, it looks as if very different
approaches have been designed for the same problem.
What it is shown in this paper is that we have a very
rich system of different problems (much more than in
the single probabilistic case) and for each one of them,
different techniques are used.

The situation from our point of view is the following;:
there are effective exact solutions for some particular
cases of problems and approximate algorithms which
have been developed for the general case and which
can give good solutions in some complex problems.
However we feel that we are far from having gen-
eral tools able of providing good solutions for most
of practical situations. In this sense, it would be con-
venient the definition of a set of benchmark problems
that could be shared by the scientific community to



test new procedures and algorithms, and that could
be considered as a common objective for forthcoming
years.
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