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Devwudfw
Wklv sdshu ghdov zlwk d prgho ri srooxwlrq dffxpx0
odwlrq lq zklfk d fdwdvwursklf hqylurqphqwdo hyhqw
rffxuv rqfh wkh srooxwlrq vwrfn h{fhhgv vrph xqfhu0
wdlq fulwlfdo ohyho1 Wklv sureohp lv vwxglhg lq d frq0
wh{w ri 3kdug xqfhuwdlqw|4 vlqfh zh frqvlghu wkdw wkh
dydlodeoh nqrzohgjh frqfhuqlqj wkh ydoxh wdnhq e| wkh
fulwlfdo srooxwlrq wkuhvkrog frqwdlqv erwk udqgrpqhvv
dqg lpsuhflvlrq1 Vxfk d jhqhudo irup ri nqrzohgjh
lv prghoohg dv d +forvhg, udqgrp lqwhuydo1 Wklv ds0
surdfk lv pdwkhpdwlfdoo| wudfwdeoh dqg dphqdeoh wr
qxphulfdo vlpxodwlrqv1 Lq wklv iudphzrun zh lqyhv0
wljdwh wkh h>hfw ri kdug xqfhuwdlqw| rq wkh rswlpdo
srooxwlrq2frqvxpswlrq wudgh0r> dqg zh frpsduh wkh
uhvxowv zlwk wkrvh rewdlqhg erwk lq wkh fhuwdlqw| fdvh
dqg lq wkh fdvh ri 3vriw xqfhuwdlqw|4 +zkhuh rqo| udq0
grpqhvv suhydlov,1


Nh|zrugv1 rswlpdo srooxwlrq frqwuro/ hqylurqphqwdo
ulvn/ eholhi ixqfwlrqv/ udqgrp lqwhuydov/ uhsuhvhqwdwlrq
ri xqfhuwdlqw|1


4 Lqwurgxfwlrq


Wklv sdshu suhvhqwv dq rswlpdo srooxwlrq frqwuro
prgho lq zklfk lqglylgxdov kdyh wr wudghr> frqvxps0
wlrq djdlqvw srooxwlrq jlyhq wkdw frqvxpswlrq jlyhv
ulvh wr srooxwlrq1 Zh ghyhors d sduwldo htxloleulxp
prgho iru d srooxwlqj hfrqrp| vlqfh zh qhlwkhu frq0
vlghu wkh fdslwdo dffxpxodwlrq qru wkh surgxfwlrq
surfhvv iru wkh ?qdo jrrg1 Wkh frqvxpswlrq ghflvlrqv
duh pdgh xqghu xqfhuwdlqw|1 Lqghhg/ zkhq wkh sroox0
wlrq vwrfn h{fhhgv vrph xqnqrzq fulwlfdo wkuhvkrog
d fdwdvwursklf hqylurqphqwdo hyhqw rffxuv1 Vxfk dq
hqylurqphqwdo fdwdvwurskh lv luuhyhuvleoh lq wkh vhqvh
wkdw rqfh lw kdv rffxuuhg wkh hfrqrp| fdq qrw uhfryhu


WDgguhvv iru fruuhvsrqghqfh = HUDVPH8Oderudwrluh
g*Ìfrqrplh/ Ìfroh Fhqwudoh Sdulv/ judqgh yrlh ghv Yljqhv/
<55<8 Fkåwhqd|0Pdodeu| Fhgh{/ Iudqfh1
Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvl?fdwlrq Qxpehuv=
T53/ G;4/ G<31


lwv lqlwldo vwdwh1 Vlplodu vlwxdwlrqv kdyh ehhq vwxglhg
dprqj rwkhuv e| Fursshu ^:`/ Frqudg ^9`/ Shwklj ^45`
dqg pruh uhfhqwo| e| Fodunh dqg Uhhg ^8` dqg Wvxu
dqg ]hpho ^46`/ ^47` dqg ^48`1


Wkh pdlq gl>huhqfh ehwzhhq wkhvh zrunv dqg rxu olhv
lq wkh irup ri xqfhuwdlqw| zh frqvlghu1 Iroorzlqj wkh
glvwlqfwlrq lqwurgxfhg e| Yhufhool ^49` zh frqvlghu d
vlwxdwlrq ri 3kdug xqfhuwdlqw|4 zklfk frqwudvwv zlwk
wkh fodvvlfdo vlwxdwlrqv ri 3vriw xqfhuwdlqw|41


D vlwxdwlrq ri xqfhuwdlqw| lv vdlg wr eh vriw zkhq0
hyhu wkh dydlodeoh lqirupdwlrq frqfhuqlqj wkh ydoxh ri
wkh fulwlfdo srooxwlrq wkuhvkrog fdq eh prghoohg e| d
xqltxh +dgglwlyh, suredelolw| phdvxuh1 Rq wkh frq0
wudu|/ zh wdon derxw kdug xqfhuwdlqw| zkhq wkh dydlo0
deoh lqirupdwlrq lv lqvx!flhqw ru lqfrpsohwh wr eh
prghoohg e| vxfk d xqltxh ixoo| uholdeoh suredelolw|
phdvxuh1


Wklv jhqhudo irup ri xqfhuwdlqw| vhhpv wr eh sduwlfx0
oduo| uhohydqw wr wkh glvfxvvlrq ri pdq| hqylurqphqwdo
ulvnv1 Lqghhg/ frqfhuqlqj prvw ri wkhvh txhvwlrqv wkh
h{shuwv frqvlghu wkdw wkh fxuuhqw vwdwh ri vflhqwl?f
nqrzohgjh lv qrw vx!flhqw wr phdvxuh suhflvho| wkh
lqfxuuhg ulvn1 Wkh| ihho vrph nlqg ri lpsuhflvlrq rq
wkh suredelolw| glvwulexwlrq ri wkh fdwdvwursklf hyhqw
lwvhoi1


Lq Yhufhool ^49`/ vhohfwhg hqylurqphqwdo sureohpv lq0
yroylqj kdug xqfhuwdlqwlhv duh glvfxvvhg1 Lw lv hvvhq0
wldoo| d pdwwhu ri joredo wkuhdwv vxfk dv wkh frqvh0
txhqfhv ri wkh r}rq od|hu kroh ru wkh juhhqkrxvh hi0
ihfw1


Wkh olwhudwxuh rq lpsuhflvh suredelolwlhv sursrvhv
pdq| pdwkhpdwlfdo prghov wr frsh zlwk xqfhuwdlqw|
vlwxdwlrqv wkdw fdqqrw eh uhgxfhg wr vriw xqfhuwdlqw|
+vhh Zdooh| ^4:`,1 Wkh srlqw khuh lv wr lpsohphqw wkh
uhfhqw dgydqfhv lq lpsuhflvh suredelolwlhv wkhru| wr
dqdo|wlfdoo| vroyh d kdug xqfhuwdlqw| vlwxdwlrq lq dq
rswlpdo srooxwlrq frqwuro prgho1


Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh gh0







yhors d prgho ri rswlpdo srooxwlrq frqwuro xqghu kdug
xqfhuwdlqw| edvhg xsrq wkh frqfhsw ri forvhg udqgrp
lqwhuydov1 Wkh prgho lv wkhq dqdo|wlfdoo| vroyhg dqg
wkh rswlpdo srooxwlrq dffxpxodwlrq sdwk xqghu kdug
xqfhuwdlqw| lv frpsduhg zlwk wkh vroxwlrq rewdlqhg
xqghu vriw xqfhuwdlqw|1 Vhfwlrq 6 looxvwudwhv wkhvh uh0
vxowv e| qxphulfdo vlpxodwlrqv ri wkh prgho1


5 Rswlpdo srooxwlrq frqwuro prgho


Zh frqvlghu dq rswlpdo srooxwlrq frqwuro prgho lq
dq hfrqrp| yxoqhudeoh wr d fdwdvwursklf hqylurqphq0
wdo hyhqw zlwk luuhyhuvleoh h>hfwv1 Wkh lqvwdqwdqhrxv
xwlolw|4 ri d uhsuhvhqwdwlyh lqglylgxdo X +Fw, lqfuhdvhv
zlwk wkh frqvxpswlrq ohyho Fw exw wkh surgxfwlrq dqg
frqvxpswlrq surfhvvhv ri wklv jrrg jlyh ulvh wr sroox0
wlrq hplvvlrqv %Fw/ zkhuh % lv d frqvwdqw srooxwlrq wr
frqvxpswlrq udwlr1 Wklv srooxwlrq dffxpxodwhv lqwr d
srooxwlrq vwrfn Vw1 Wkh hyroxwlrq odz ri Vw lv jlyhq
e|=


bVw @ %Fw ý òVw +4,


zkhuh ò lv wkh frqvwdqw qdwxudo udwh ri srooxwlrq gh0
fd|1 Lqglylgxdov duh vhqvlwlyh wr srooxwlrq dffxpx0
odwlrq dqg wkh gdpdjh fdxvhg e| srooxwlrq5 G +Vw,
uhgxfhv wkhlu lqvwdqwdqhrxv zhoiduh1 Wkh ghflvlrq0
pdnhu +GP, kdv wr wudgh0r> frqvxpswlrq djdlqvw sro0
oxwlrq/ jlyhq wkdw frqvxpswlrq jlyhv ulvh wr srooxwlrq1


Zh rqo| frqvlghu fdwdvwursklf hyhqwv zlwk vr lpsru0
wdqw frqvhtxhqfhv wkdw lw lv dozd|v rswlpdo iru wkh
hfrqrp| wr dyrlg wkhp1 Wklv lpsolhv vwuxfwxudo sdud0
phwhuv ri wkh hfrqrp| vxfk wkdw wkh frvwv ri dyrlglqj
wkh fdwdvwurskh duh dozd|v ohvv wkdq wkh frvwv ri wkh
gdpdjhv gxh wr wkh fdwdvwurskh1


Dvvxpswlrq 4 Lw lv qhyhu rswlpdo wr ohw wkh fdwdvwur0
skh kdsshq1


Lq wklv prgho/ d fdwdvwursklf hyhqw dulvhv zkhq wkh
srooxwlrq vwrfn h{fhhgv d fulwlfdo wkuhvkrog [ +zklfk
lv dq xqnqrzq exw ?{hg hqylurqphqwdo frqvwdqw, wkdw
uhsuhvhqwv wkh pd{lpxp srooxwlrq ohyho wkh hfrv|vwhp
fdq wrohudwh1 Dv xvxdo [ lv prghoohg dv d udqgrp
yduldeoh +u1y1, dqg zlwk f1g1i1


I[ +V, @ S +[ ? V, +5,


zklfk lv vxssrvhg wr eh frqwlqxrxvo| gl>huhqwldeoh1
I[ +V, jlyhv wkh suredelolw| wkdw wkh fdvwdwurskh kdv


4Zh vxssrvh d frqvwdqw uhodwlyh ulvn dyhuvlrq +FUUD,
xwlolw| ixqfwlrq vxfk wkdw L Eää D fc L â Eää D f dqg
L ââ Eää $ f1


5Zh vxssrvh wkdw wkh pdujlqdo gdpdjh lv qrq0
ghfuhdvlqj lq wkh srooxwlrq vwrfn zlwk ( E7ä D fc (â E7ä D
f dqg (ââ E7ä D f1 Xqghu wkhvh dvvxpswlrqv/ wkh zhoiduh
L Eää3( E7ä lv frqfdyh lq Eäc7ä1


douhdg| rffxuuhg iru wkh srooxwlrq vwrfn ohyho V1


Ohw W eh wkh +xqfhuwdlq, gdwh dw zklfk wkh fdwdvwur0
skh kdsshqv1 Dv zh vkdoo vhh/ xqghu vrph dvvxps0
wlrqv W lv dovr d u1y1 zkrvh glvwulexwlrq fdq eh gh0
ulyhg iurp wkdw ri [1 Wkh rswlpdo srooxwlrq frqwuro
sureohp fdq wkhq eh vwdwhg=;AAA?AAA=


pd{
iFwj


HW


+] W


3


hýãw +X +Fw,ýG +Vw,, gw
,


vxemhfw wr
ññññ bVw @ %Fw ý òVwV3 ? [ jlyhq


+6,


Wkh GP*v sureohp lv wr pd{lpl}h wkh lqwhuwhpsrudo
zhoiduh ri dq lq?qlwho| olylqj uhsuhvhqwdwlyh lqglylg0
xdo1 Lqwhuwhpsrudo zhoiduh lv wkh glvfrxqwhg vxp ri
lqvwdqwdqhrxv zhoiduh +ã A 3 lv wkh GP*v glvfrxqw
udwh,1 Zh vxssrvh wkdw rqfh wkh fdwdvwurskh kdv rf0
fxuuhg/ wkh lqvwdqwdqhrxv zhoiduh lv uhgxfhg wr }hur
iru dq lq?qlwh shulrg ri wlph +X +Fw, ý G +Vw, @ 3
iru doo w è W ,1 Wkh GP*v remhfwlyh lv wkhq wkh h{0
shfwhg glvfrxqwhg  rz ri zhoiduh/ iurp gdwh 3 wr wkh
+xqfhuwdlq, gdwh ri wkh fdwdvwurskh/ zlwk uhvshfw wr
wkh suredelolw| glvwulexwlrq ri W / jlyhq wkdw dw wlph
}hur wkh fdwdvwurskh kdv qrw kdsshqhg |hw1 Wkh qr0
wdwlrq HWiüj ghqrwhv wkh h{shfwdwlrq zlwk uhvshfw wr
wkh glvwulexwlrq ri W 1


Iru vlpsolflw| zh uhvwulfw rxu dqdo|vlv wr rswlpdo frq0
vxpswlrq sdwkv wkdw fruuhvsrqg wr prqrwrqlfdoo| lq0
fuhdvlqj +ru ghfuhdvlqj, srooxwlrq sdwkv1


Dorqj qrq0lqfuhdvlqj srooxwlrq sdwkv/ zh nqrz iru
vxuh wkdw wkh fdwdvwursklf hyhqw zloo qhyhu rffxu vlqfh
iru V3 ? [ dqg Vw é V3 zh kdyh S +[ ? Vw, @ 3 iru
doo w è 31 Wkh GP*v remhfwlyh wkhq ehfrphv=] 4


3


hýãw +X +Fw,ýG +Vw,, gw +7,


Dorqj qrq0ghfuhdvlqj srooxwlrq sdwkv lw fdq hdvlo| eh
vkrzq wkdw wkh u1y1 W lv rewdlqhg iurp wkh u1y1 [
e| dq lqfuhdvlqj wudqvirupdwlrq1 Wkh f1g1i1 ri W fdq
wkhq eh ghgxfhg iurp wkdw ri [=


IW +w, ì S +W ? w mW A 3, @ S +[ ? Vw m[ A V3,


@
I[ +Vw,ý I[ +V3,
4ý I[ +V3, +8,


Zh pd| dovr gh?qh wkh vxuylydo ixqfwlrq v[ +Vw, dv
wkh suredelolw| iru wkh hyhqw qrw wr kdyh rffxuuhg |hw
dw wlph w=


v[ +Vw, ì 4ý IW +w, @ 4ý I[ +Vw,
4ý I[ +V3, +9,


Wkh gh?qlwlrq ri wkh h{shfwhg ydoxh lpsolhv wkh iro0
orzlqj htxdolw| =


HW


+] W


3


hýãw +X +Fw,ýG +Vw,, gw
,
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ê
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Lqwhjudwlqj wklv ixqfwlrq e| sduwv/ jlyhq wkdw IW +3, @
3/ olpw$4 IW +w, @ 4 dqg 4ý IW +w, @ v[ +Vw,/ ohdgv
wr wkh iroorzlqj remhfwlyh zklfk lv wkh h{shfwhg ydoxh
ri lqwhuwhpsrudo zhoiduh1] 4


3


v[ +Vw, h
ýãw +X +Fw,ýG +Vw,, gw +:,


Wkxv wkh vroxwlrq wr wkh sureohp +6, lqyroyhv erwk
wkh rswlpdo srooxwlrq frqwuro sureohp zlwkrxw ulvn
+iru ghfuhdvlqj srooxwlrq sdwkv, dqg wkh rqh xqghu
xqfhuwdlqw| vwxglhg rq d uhvwulfwhg grpdlq +l1h1 qrq0
ghfuhdvlqj srooxwlrq sdwkv,1 Wklv vhfrqg sureohp lv
fdoohg dq 3dx{loldu| sureohp4 e| Wvxu hw ]hpho ^46`1


Zkhq wkh glvwulexwlrq ri [ lv suhflvho| nqrzq/ wkh
dx{loldu| sureohp kdv d vlqjoh vroxwlrq +jlyhq wkh lql0
wldo srooxwlrq vwrfn ohyho, dqg wkh rswlpdo frqvxps0
wlrq dqg srooxwlrq sdwkv fdq eh ixoo| ghwhuplqhg1
Khuh zh vxssrvh wkdw wkh dydlodeoh lqirupdwlrq lv lq0
frpsohwh ru lqvx!flhqw wr frpsohwho| vshfli| wkh glv0
wulexwlrq ri wkh fulwlfdo srooxwlrq wkuhvkrog [1 Pruh
suhflvho|/ zh vxssrvh wkdw wkh h{lvwhqfh ri d suredelo0
lw| glvwulexwlrq iru [ fdq eh k|srwkhvl}hg exw/ gxh wr
lpsuhflvh lqirupdwlrq/ wklv glvwulexwlrq lv rqo| nqrzq
wr ehorqj wr vrph fodvv ri srvvleoh glvwulexwlrqv1


514 Srooxwlrq dffxpxodwlrq zlwkrxw
xqfhuwdlqw|


Nqrzlqj iru vxuh wkh srooxwlrq fulwlfdo wkuhvkrog [
eh|rqg zklfk wkh fdwdvwurskh rffxuv/ wkh frqwuro
sureohp pd| eh zulwwhq dv=;AAAA?AAAA=
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iFwj


] 4


3


hýãw +X +Fw,ýG +Vw,, gw
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Wkh rswlpdolw| frqglwlrqv duh=


t @ ýX 3 +F, @% +<,


bt@t @ ã. òý %G
3 +V, . ñ
X 3 +F,


+43,


3 @ ñ +[ ý V, +44,


zkhuh tw lv wkh fr0vwdwh yduldeoh iru wkh srooxwlrq vwrfn
dqg ñw è 3 lv wkh Odjudqjh pxowlsolhu dvvrfldwhg zlwk
wkh vwdwh frqvwudlqw Vw é [1 Wkh wudqvyhuvdolw| frq0
glwlrq lv=


olp
w$.4 h


ýãwtwVw @ 3 +45,


Wrwdoo| gl>huhqwldwlqj zlwk uhvshfw wr wlph wkh ?uvw
rswlpdolw| frqglwlrq +<, dqg zulwlqj wkh dffxpxod0
wlrq htxdwlrq ri wkh srooxwlrq vwrfn +4,/ zh rewdlq d


g|qdplf v|vwhp lq F dqg V1+
bF @ ýF


â


í
ã. òý %G3+V,.ñ


X3+F,


ì
bV @ %F ý òV


+46,


zkhuh 4@â @ ýFX 33@X 3 lv wkh +frqvwdqw, lqwhuwhpsr0
udo hodvwlflw| ri vxevwlwxwlrq iru frqvxpswlrq dqg dovr
wkh lqyhuvh ri wkh uhodwlyh ulvn dyhuvlrq frh!flhqw1


Wklv v|vwhp kdv d vlqjoh lqwhulru vwdwlrqdu| vroxwlrq
+Fú> Vú, vxfk wkdw Fú @ òVú@% dqg Vú lv wkh vlqjoh
vroxwlrq wr wkh htxdwlrq=


õ+V, ì ã. òý % G3 +V,
X 3 +òV@%,


@ 3 +47,


zkhuh õ+V, lv vwulfwo| ghfuhdvlqj lq V zlwk õ+3, A 3
dqg olpV$4õ+V, ? 31 Lw fdq eh vkrzq wkdw wkh
vwhdg|0vwdwh +Fú> Vú, lv d vdggoh0srlqw htxloleulxp1
Wklv lpsolhv wkdw li wkh srooxwlrq vwrfn lv deryh lwv
vwhdg|0vwdwh ydoxh Vú wkh rswlpdo sdwk wrzdugv Vú


lv vwulfwo| qrq0lqfuhdvlqj lq V1 Rq wkh frqwudu| li
Vw ? Vú/ wkh srooxwlrq vwrfn vkrxog prqrwrqlfdoo|
lqfuhdvh dorqj wkh rswlpdo sdwk wrzdugv wkh vwhdg|0
vwdwh1 Iljxuh 4 looxvwudwhv wkh srooxwlrq vwrfn g|qdp0
lfv1 Wkxv wkh rswlpdo sdwk ri wkh fhuwdlq fdvh dovr
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d1 Fdvh f : 7W e1 Fdvh f ÷ 7W


Iljxuh 4= Srooxwlrq g|qdplfv lq wkh fhuwdlq fdvh


dssolhv xqghu xqfhuwdlqw| zkhq wkh srooxwlrq vwrfn lv
deryh lwv fhuwdlq vwhdg|0vwdwh ydoxh Vú vlqfh wklv rswl0
pdo sdwk lv wkhq ghfuhdvlqj lq V1 Rq wkh rwkhu kdqg
zkhq Vw ? Vú wkh hfrqrp| lv yxoqhudeoh wr wkh ulvn
ri hfrorjlfdo fdwdvwurskh dqg wkh rswlpdo sdwk lv d
vroxwlrq wr wkh dx{loldu| sureohp1


515 Dx{loldu| sureohpv xqghu kdug
xqfhuwdlqw|


Vxssrvh wkdw wkh dydlodeoh lqirupdwlrq frqfhuqlqj [
lv prghoohg dv d +forvhg, udqgrp lqwhuydo +f1u1l1, ý gh0
?qhg rq vrph ?{hg suredelolw| vsdfh +ó>D> S ,/ l1h1 ý
lv d pxowl0ydoxhg pdsslqj gh?qhg rq ó/ zklfk wdnhv
dv ydoxhv +qrq hpsw|, forvhg lqwhuydov ri wkh uhdo qxp0
ehuv1 ý lv vxssrvhg wr eh vwurqjo| phdvxudeoh1 Wkh
lqwhusuhwdwlrq ri wklv prgho lv dv iroorzv1 Zh vxs0
srvh wkdw wkh fulwlfdo srooxwlrq wkuhvkrog fdq eh prg0
hoohg dv d uhdo0ydoxhg u1y1 [ gh?qhg rq +ó>D> S , exw







wkdw zh duh idflqj gl!fxowlhv lq revhuylqj wkh rxw0
frph ri wkh udqgrp h{shulphqw1 Pruh suhflvho| zh
vxssrvh wkdw iru hdfk $ 5 ó zh fdqqrw revhuyh wkh
h{dfw rxwfrph [ +$,/ exw fdq rqo| orfdwh lw lq vrph
qrq0hpsw| forvhg lqwhuydo ý +$,/ wkdw lv[ +$, 5 ý +$,1
Wklv prgho/ zklfk wdnhv erwk udqgrpqhvv dqg lpsuh0
flvlrq lqwr dffrxqw ohdgv wr d pruh jhqhudo irup ri
xqfhuwdlqw| wkdq wkh fodvvlfdo rqh1 Wr vhh wklv/ zh dv0
vrfldwh d fodvv [ ri frpsdwleoh uhdo0ydoxhg u1y1 zlwk
ý


Gh?qlwlrq 4 D frpsdwleoh u1y1 +frpsdwleoh zlwk ý,
lv d uhdo0ydoxhg phdvxudeoh pdsslqj [ gh?qhg rq ó/
vxfk wkdw iru doo $ 5 ó/ [ +$, 5 ý +$,1
Zkhq wkh dydlodeoh lqirupdwlrq lv uhsuhvhqwhg e| d
f1u1l1/ wkh 3wuxh4 u1y1 lv qrw revhuydeoh exw rqh nqrzv
wkdw lw ehorqjv wr wkh fodvv [ ri frpsdwleoh u1y1*v1
Hdfk frpsdwleoh u1y1 lqgxfhv d suredelolw| glvwulex0
wlrq dqg rxu lqirupdwlrq lv frpsohwho| ghvfulehg e| d
frqyh{ vhw ri suredelolw| phdvxuhv S zkrvh phpehuv
duh wkh suredelolw| phdvxuhv dvvrfldwhg wr wkh frp0
sdwleoh yduldeohv1 Pruhryhu wkh orzhu hqyhorssh Sú ri
wklv vhw lv d eholhi ixqfwlrq dqg fkdudfwhul}hv S/ l1h1
S lv wkh vhw ri doo suredelolwlhv wkdw grplqdwh Sú=


Wkhq wkhuh h{lvwv dv pdq| dx{loldu| sureohpv dv udq0
grp yduldeohv wkdw duh frpsdwleoh zlwk wkh dydlodeoh
lqirupdwlrq/ hdfk ri wkhvh sureohpv ehlqj vlplodu wr
dq rswlpdo srooxwlrq frqwuro sureohp xqghu vriw xq0
fhuwdlqw|1 Ohw I[ +V, @ S +[ ? V, eh wkh frqwlq0
xrxvo| gl>huhqwldeoh f1g1i1 ri vrph frpsdwleoh u1y1
[ 5 [ 1 Pruhryhu qrwlfh wkdw rqo| wkh qrq0ghfuhdvlqj
sdwkv dorqj zklfk wkh srooxwlrq vwrfn uhpdlqv ehorz
Vú duh ri lqwhuhvw iru wkh dx{loldu| sureohp1 Dq dx{0
loldu| sureohp fdq wkhq eh vwdwhg dv=;AAAA?AAAA=


pd{
iFwj


] 4


3


v[ +Vw, h
ýãw +X +Fw,ýG +Vw,, gw


vxemhfw wr


ññññññ
bVw @ %Fw ý òVw
3 é V3 é Vw é Vú ;w è 3
V3 é Vú jlyhq


+48,
zkhuh v[ +V, lv wkh vxuylydo ixqfwlrq fruuhvsrqglqj wr
[1 Wkh ghwdlohg uhvroxwlrq ri wklv surjudp lv jlyhq
lq Fkhyì dqg Frqjdu ^6`1


Iru hdfk frpsdwleoh u1y1/ sureohp +48, ohdgv wr d g|0
qdplf v|vwhp lq F dqg V1;AA?AA=


bF @ ýF
â


k
ã. òý %G3+V,


X 3+F,


. j[ +V, +%F ý òV ý X +F, .G +V,,ý ïýð
v[+V,


l
bV @ %F ý òV


+49,
zkhuh ï dqg ð duh uhvshfwlyho| wkh Odjudqjldq pxowl0
solhuv iru wkh vwdwh frqvwudlqwv Vw é Vú dqg Vw è O1
Lqwhulru vwdwlrqdu| vroxwlrqv wr wkh v|vwhp +49,/ gh0


qrwhg e| + aF[ > aV[,/ duh vxfk wkdw aF[ @ ò aV[@% dqg
aV[ lv d vroxwlrq wr wkh iroorzlqj htxdwlrq6=


ø[ +V, ì õ+V,ý j[ +V,Z +V, @ 3 +4:,


zkhuhZ +V, @ X +òV@%,ýG +V, lv wkh lqvwdqwdqhrxv
zhoiduh fruuhvsrqglqj wr d vwdwlrqdu| srooxwlrq vwrfn
V/ dqg


j[ +V, @ ý 4


v[ +V,


Cv[ +V,


CV
+4;,


lv wkh 3kd}dug udwh47 wkdw fruuhvsrqgv wr wkh u1y1 [
zlwk V wkh fxuuhqw srooxwlrq vwrfn1 j[ +V, lv wkh sure0
delolw| iru wkh fdwdvwurskh wr rffxu zkhq wkh sroox0
wlrq vwrfn pdujlqdoo| lqfuhdvhv ryhu V/ jlyhq wkdw lw
kdv qrw rffxuuhg |hw1


j[ +V, @ olp
ü$3


S +V é [ ? V .ü m[ è V,
ü


è 3 +4<,


Wkxv wkh rswlpdo sdwk xqghu xqfhuwdlqw| dw hdfk
wlph w rqo| ghshqgv rq wkh lqvwdqwdqhrxv fdwdvwur0
skh suredelolw|1 Wklv suredelolw| lv vxppdul}hg e|
wkh kd}dug udwh j[ +V,1 Pruhryhu zh qrwlfh wkdw iru
doo Z +V, è 3/ wkh vwhdg|0vwdwh srooxwlrq vwrfn xqghu
xqfhuwdlqw| lv qhfhvvdulo| ohvv wkdq wkh fhuwdlq vwhdg|0
vwdwh srooxwlrq vwrfn/ wkdw lv aV[ é Vú1
Vlqfh zh kdyh vxssrvhg wkdw wkh fdwdvwurskh rffxu0
uhqfh uhgxfhv wkh zhoiduh wr }hur/ Dvvxpswlrq 4 qhf0
hvvdulo| lpsolhv wkdw wkh vwhdg|0vwdwh zhoiduh lq wkh
fhuwdlq fdvh lv srvlwlyh/ wkdw lv Z +Vú, è 31 Wkxv vriw
xqfhuwdlqw| rq wkh fulwlfdo srooxwlrq wkuhvkrog ohdgv
wr d ghfuhdvh lq wkh vwhdg| vwdwh srooxwlrq vwrfn1 Lq
rwkhu zrugv/ xqfhuwdlqw| ohdgv wr d pruh frqvhuydwlyh
ehkdylru zlwk uhvshfw wr hqylurqphqwdo txdolw| +wkhvh
uhvxowv duh ghwdlohg lq Fkhyì ^5`,1


Wkh uhvroxwlrq ri wkh dx{loldu| sureohpv dvvrfldwhg
zlwk doo wkh frpsdwleoh yduldeohv hqdeohv xv wr zrun
rxw doo wkh srvvleoh srooxwlrq dffxpxodwlrq sdwkv wkdw
duh frpsdwleoh zlwk wkh dydlodeoh nqrzohgjh1 Pruh
suhflvho| zh fdq ?qg wkh rswlpdo vwhdg| vwdwhv iru
hdfk frpsdwleoh u1y1 Lw fdq eh vkrzq wkdw wkh vhw ri doo
rswlpdo vwhdg| vwdwhv lv dq lqwhuydo1 Wkh h{dfw erxqgv
ri wklv lqwhuydo fdq eh frpsxwhg zkhq xqfhuwdlqw| lv
prghoohg e| d f1u1l1


Xvlqj wkh irupxod +4<, zklfk gh?qhv wkh kd}dug udwh
iru hdfk u1y1 [ 5 [ dv d frqglwlrqdo suredelolw|


6Iru frqyhqlhqfh/ zh uhvwulfw rxu dwwhqwlrq wr wkh fdvh
zkhuh +4:, kdv d vlqjoh vroxwlrq rq dfc 7Wo1 Wklv lv wkh
fdvh iru prvw frpprq suredelolw| glvwulexwlrqv dqg zho0
iduh ixqfwlrqv1


7Zh dexvh wkh qrwdwlrq vlqfh wkh kd}dug udwh dw wlph
| vkrxog vwulfwo| eh gh?qhg dv wkh suredelolw| iru wkh
fdwdvwurskh wr rffxu dw wkh qh{w wlph/ jlyhq wkdw lw kdv
qrw rffxuuhg |hw1 Wkh 3wuxh4 kd}dug udwh lv srvlwlyho|
bf E|ä ' }f E7|ä ù7|1







dqg wkh 3ixoo ed|hvldq xsgdwlqj uxoh4 +vhh iru h{dp0
soh Md>ud| ^<`,/ zh dvvrfldwh d fodvv ri kd}dug udwhv
J @ ij[ +V, = [ 5 [j zlwk wkh fodvv [ 1 Wkh erxqgv
ri wklv fodvv duh gh?qhg dv iroorzv=


júú +V, @ vxsij[ +V, = [ 5 [j +53,


júú +V, @ lqiij[ +V, = [ 5 [j
Wkhvh erxqgv fdq eh frpsxwhg xvlqj wkh xsshu dqg
orzhu suredelolwlhv lqgxfhg e| wkh f1u1l1


Iroorzlqj Ghpsvwhu ^;`/ zh frqvlghu wkh fdvh ri d f1u1l1
gh?qhg e| wzr uhdo0ydoxhg u1y1 gh?qhg rq wkh vdph
suredelolw| vsdfh1 Wkhvh udqgrp yduldeohv uhsuhvhqw
wkh erxqgv ri wkh f1u1l1 Lq wklv vhwwlqj/ wkh xsshu dqg
orzhu suredelolwlhv ri dq| lqwhuydo pd| eh vlpso| h{0
suhvvhg lq whupv ri wkh mrlqw f1g1i1 ri wkhvh wzr u1y1
Zh wkhq vkrz wkdw wkh orzhu erxqg ri wkh kd}dug
udwhv júú +V, lv dozd|v htxdo wr }hur zkdwhyhu wkh sro0
oxwlrq vwrfn ohyho1 Lw dfwxdoo| wxuqv rxw wkdw iru hdfk
ydoxh ri wkh srooxwlrq vwrfn zh fdq dozd|v ?qg d frp0
sdwleoh u1y1 iru zklfk wkh fdwdvwurskh lqvwdqwdqhrxv
suredelolw| lv }hur1


Qrwh wkdw iru hdfk srooxwlrq vwrfn ohyho wkh xsshu dqg
orzhu kd}dug udwhv gr qrw frlqflgh zlwk wkh kd}dug
udwhv fruuhvsrqglqj wr wkh xsshu dqg orzhu u1y1 wkdw
erxqg wkh fodvv [ 1
Xvlqj wkh xsshu dqg orzhu erxqgv ri wkh kd}dug udwh
zh gh?qh wkh iroorzlqj ixqfwlrqv=


øúú +V, ì õ+V,ý júú +V,Z +V, +54,


øúú +V, ì õ+V,ý júú +V,Z +V, @ õ +V,


Ohw aVúú eh wkh vroxwlrq wr wkh htxdwlrq øúú +V, @ 3
dqg aVúú eh wkh vroxwlrq wr wkh htxdwlrq øúú +V, @ 3/
qrwlfh wkdw vlqfh júú +V, @ 3 iru hdfk V> zh kdyh
aVúú @ Vú+qrwlfh wkh lqwhufkdqjh ri vxevfulswv dqg
vxshuvfulswv lq rughu wr uhvshfw wkh udqnlqj ri wkh
vwhdg|0vwdwhv srooxwlrq ohyhov,1 Wkh lpsuhflvlrq rq
wkh suredelolw| glvwulexwlrq ri wkh fulwlfdo srooxwlrq
wkuhvkrog lpsolhv dq lqwhuydo ri vwhdg|0vwdwh htxlole0
uld/ hdfk ri wkhp fruuhvsrqglqj wr d frpsdwleoh u1y1
Ohw V eh wkh vhw ri doo frpsdwleoh vwhdg|0vwdwhv/ wkdw
lv V @ i aV[ = [ 5 [j1 Wkh htxloleulxp aV fruuh0
vsrqglqj wr wkh 3wuxh4 u1y1 [ qhfhvvdulo| ehorqjv wr
V1 Pruhryhu/ aVúú dqg aVúú duh uhvshfwlyho| wkh orzhu
dqg xsshu erxqgv ri wkh vhw V1


516 Srooxwlrq dffxpxodwlrq g|qdplfv


Iru hdfk u1y1 frpsdwleoh zlwk wkh dydlodeoh lqirupd0
wlrq wkh srooxwlrq dffxpxodwlrq g|qdplfv lv jlyhq e|
wkh uhvroxwlrq ri wkh prgho xqghu vriw xqfhuwdlqw|1 Lq
wklv fdvh/ zh fdq vwdwh wkh iroorzlqj sursrvlwlrqv frq0
fhuqlqj wkh srooxwlrq vwrfn g|qdplfv +vhh Wvxu dqg
]hpho ^46` dqg Fkhyì ^5`,1


Sursrvlwlrq 4 Zkhq õ+V, ? 3/ wkh rswlpdo sdwk
xqghu xqfhuwdlqw| fruuhvsrqgv wr wkh rswlpdo sdwk ri
wkh fhuwdlq fdvh1 Dorqj wklv sdwk wkh srooxwlrq vwrfn
ghfuhdvhv1
Zkhq õ+V, A 3/ wkh rswlpdo srooxwlrq sdwk fdqqrw eh
ghfuhdvlqj1
Zkhq õ+V, A 3 dqg ø[ +V, ? 3/ wkh rswlpdo sroox0
wlrq sdwk fdqqrw eh lqfuhdvlqj1


Wklv sursrvlwlrq lpsolhv wkdw zkhq õ+V, è 3 dqg
ø[ +V, è 3/ wkh rswlpdo srolf| lv wr pdlqwdlq wkh
srooxwlrq vwrfn dw wklv ohyho1


Sursrvlwlrq 5 Zkhq õ+V, A 3 dqg ø[ +V, A 3/
wkh rswlpdo srooxwlrq sdwk lv qhfhvvdulo| lqfuhdvlqj1


Zkhq wkh suredelolw| glvwulexwlrq ri [ lv nqrzq iru
vxuh dqg wkh htxdwlrq ø[ +V, @ 3 kdv d vlqjoh vrox0
wlrq rq wkh lqwhuydo ^3> Vú`/ wkh srooxwlrq dffxpxod0
wlrq g|qdplfv lv ghslfwhg lq Iljxuh 51 Ilqdoo|/ lw fdq


á
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7W÷7f
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!!!!!! ""


Vlqjoh lqwhulru vroxwlrq


Iljxuh 5= Srooxwlrq g|qdplfv xqghu vriw xqfhuwdlqw|


eh vkrzq wkdw zkhqhyhu ø[ +V, furvvhv wkh Výd{lv
iurp deryh wkh vwhdg|0vwdwh lv d vdggoh0srlqw1 Rq
wkh frqwudu| zkhq ø[ +V, furvvhv wkh Výd{lv iurp
ehorz lw |lhogv dq xqvwdeoh vwhdg|0vwdwh1 Wkxv zkhq
wkh sureohp kdv d vlqjoh vroxwlrq/ wklv htxloleulxp lv
qhfhvvdulo| d vdggoh0srlqw1


Xqghu kdug xqfhuwdlqw|/ wkdw lv zkhq wkh 3wuxh4 u1y1 lv
rqo| nqrzq wr ehorqj wr wkh fodvv [ ri frpsdwleoh u1y1/
zh rewdlq wkh Iljxuh 6 +xqghu wkh dvvxpswlrq wkdw
hdfk htxdwlrq +4:, kdv d vlqjoh vroxwlrq rq ^3> Vú`,1


E| frpsdulqj wkh gl>huhqw srooxwlrq dffxpxodwlrq
g|qdplfv fruuhvsrqglqj wr hdfk frpsdwleoh u1y1 zh
qrwlfh wkdw wkhvh g|qdplfv duh frpsdwleoh zlwk hdfk
rwkhu rq vrph sduw ri wkh grpdlq +wkh srooxwlrq vwrfn
hyroyhv lq wkh vdph gluhfwlrq iru dq| frpsdwleoh u1y1,1
Zh wkhq ghgxfh iurp wklv revhuydwlrq wkdw=


0 Li õ+V, è 3 dqg øúú +V, è 3 wkh srooxwlrq vwrfn
lqfuhdvhv>
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!!!!!!!!!! "" Rswlplvwlf
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!!!!!! "" Shvvlplvwlf
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!!!!!!!! "" V0Rswlplvwlf
÷7V


Iljxuh 6= Srooxwlrq g|qdplfv xqghu kdug xqfhuwdlqw|


0 Li õ+V, é 3 dqg øúú +V, é 3 wkh srooxwlrq vwrfn
ghfuhdvhv wrzdugv Vú1


Rq wkh rwkhu kdqg li øúú +V, é 3 dqg õ+V, è 3/ wkdw
lv li V 5 ^ aVúú> aVúú`/ wkh srooxwlrq vwrfn g|qdplfv fdq0
qrw eh vroyhg1 Wklv lv gxh wr wkh luuhgxfleoh lpsuhfl0
vlrq frqfhuqlqj wkh glvwulexwlrq ri [1 Lq idfw wklv g|0
qdplfv ghshqgv rq wkh GP*v dwwlwxgh wrzdugv wkh lp0
suhflvlrq frqwdlqhg lq wkh dydlodeoh lqirupdwlrq1 Lq0
ghhg kh kdv wr vhohfw d vwhdg|0vwdwh/ lq frqvxpswlrq
dqg srooxwlrq/ wkdw ehorqjv wr wkh lqwhuydo ^ aVúú> aVúú`1
Zh pd| glvwlqjxlvk ehwzhhq wkuhh pdlq gl>huhqw srv0
vleoh dwwlwxghv wrzdugv lpsuhflvlrq1 Wkh g|qdplfv ri
wkh srooxwlrq vwrfn lv wkhq wkh frqvhtxhqfh ri wkh sdu0
wlfxodu fkrlfh ri wkh GP1


Wkh ghflvlrq0pdnhu lv ixoo| rswlplvwlf1 Zh gh0
?qh d ixoo| rswlplvwlf GP dv d GP zkrvh fkrlfh lv
edvhg rq wkh prvw rswlplvwlf dydlodeoh lqirupdwlrq1 Lq
wkh prgho vxfk dq lqglylgxdo ghflghv rq klv vwhdg|0
vwdwh frqvxpswlrq ohyho e| wdnlqj lqwr dffrxqw wkh
vpdoohvw kd}dug udwh zklfk lv frpsdwleoh zlwk wkh
dydlodeoh lqirupdwlrq1 Pruhryhu lw kdv ehhq vkrzq
wkdw zkdwhyhu wkh srooxwlrq vwrfn wkhuh dozd|v h{lvwv
d frpsdwleoh u1y1 iru zklfk wkh kd}dug udwh lv }hur/
wkdw lv júú +Vw, @ 3 ;Vw1 Wkxv/ zkhq wkhuh h{lvwv vrph
lpsuhflvlrq rq wkh dfwxdo ulvn ri fdwdvwurskh/ d ixoo|
rswlplvwlf ghflvlrq0pdnhu dfwv dv li wkhuh zdv qr ulvn
dw doo1 Wkh srooxwlrq dffxpxodwlrq g|qdplfv lv wkhuh0
iruh wkh vdph dv wkh rqh lq wkh fhuwdlq fdvh1 Lw phdqv
wkdw zkhq wkh srooxwlrq vwrfn ehorqjv wr wkh lqwhuydo
V/ wkh srooxwlrq vwrfn lqfuhdvhv wrzdugv Vú1


Wkh ghflvlrq0pdnhu lv ixoo| shvvlplvwlf1 Wkh
rssrvlwh fdvh lv wkh rqh lq zklfk wkh GP wdnhv klv
ghflvlrqv frqvlghulqj wkh kljkhvw kd}dug udwh wkdw lv


frpsdwleoh zlwk wkh dydlodeoh lqirupdwlrq1 Lq wklv fdvh
wkh rswlpdo vwhdg|0vwdwh srooxwlrq vwrfn aVúú lv wkh vr0
oxwlrq wr wkh htxdwlrq øúú +V, @ 31 Li wkh srooxwlrq
vwrfn ehorqjv wr wkh lqwhuydo V wkh rswlpdo srolf| frq0
vlvwv lq pdlqwdlqlqj wkh srooxwlrq vwrfn dw wklv ohyho1
Lqghhg lw fdq eh rswlpdo iru wkh srooxwlrq vwrfn qhl0
wkhu wr ghfuhdvh +zlwk uhvshfw wr wkh g|qdplfv ri wkh
fhuwdlq fdvh vlqfh lw fruuhvsrqgv wr d ghfuhdvh lq zho0
iduh, qru wr lqfuhdvh +zlwk uhvshfw wr wkh g|qdplfv
xqghu xqfhuwdlqw| vlqfh wkh ulvn lv wrr odujh frpsduhg
zlwk wkh lqfuhdvh lq zhoiduh,1


Wkxv wkh lpsuhflvlrq ohdgv wr d pruh frqvhuydwlyh
ehkdylru wkdq vlpsoh udqgrpqhvv vlqfh aVúú é aV[
;[ 5 [ 1
Wkh ghflvlrq0pdnhu lv qhlwkhu ixoo| rswlplvwlf
qru ixoo| shvvlplvwlf1 Zh fdq dovr frqvlghu wkh
fdvh ri d GP zkr kdv d ohvv h{wuhph dwwlwxgh wrzdugv
lpsuhflvlrq wkdq wkh suhfhglqj rqhv1 Dvvxph wkdw dq
lqglylgxdo fdq eh ghvfulehg e| d fhuwdlq 3rswlplvp lq0
gh{4 frqvwdqw ryhu wlph/ ghqrwhg é 5 ^3> 4`1 Wklv GP
vhohfw d vwhdg|0vwdwh e| wdnlqj lqwr dffrxqw d kd}dug
udwh jé +Vw, zklfk lv exlow dv d frqyh{ frpelqdwlrq ri
wkh h{wuhph kd}dug udwhv1


jé +V, @ éjúú +V, . +4ý é, júú +V,
Wkh vwhdg|0vwdwh srooxwlrq vwrfn lv wkhq aVé/ wkh vr0
oxwlrq wr wkh htxdwlrq øé +V, @ 3/ zkhuh øé +V, @
éøúú +V, . +4ý é,øúú +V, dqg aVé 5 V1
Vxfk d ehkdylru kdv d idploldu irup1 Lw uhfdoov wkh
Kxuzlf}*v fulwhulrq +Duurz hw Kxuzlf} ^4`, exw ds0
solhv wr pruh jhqhudo vlwxdwlrqv ri xqfhuwdlqw| wkdq
wkh rqh ri frpsohwh ljqrudqfh frqvlghuhg e| Duurz
dqg Kxuzlf}1 Vxfk uhsuhvhqwdwlrqv ri wkh ehkdylru
lq sduwldo ljqrudqfh vlwxdwlrqv ghvfulehg e| d eholhi
ixqfwlrq rq d ?qlwh vhw kdyh ehhq vwxglhg e| Md>ud|
dqg Zdnnhu ^44`1 Wkh h{whqvlrq ri wklv fulwhulrq wr d
g|qdplf iudphzrun lv glvfxvvhg lq Md>ud| ^43`1 Wkh
ixoo| rswlplvwlf ^uhvs1 ixoo| shvvlplvwlf` fdvh fruuh0
vsrqgv wr wkh pd{lpxp ^uhvs1 plqlpxp` ydoxh ri wkh
rswlplvp lqgh{/ é @ 4 ^uhvs1 é @ 3`1


Ilqdoo|/ zh pd| vxssrvh wkdw d GP zlvkhv wkh sure0
ohp wr frph grzq wr d vlwxdwlrq ri vriw xqfhuwdlqw|
e| vxemhfwlyho| slfnlqj rqh udqgrp yduldeoh [ lq wkh
fodvv [ = Wkhq klv rswlpl}dwlrq sureohp fruuhvsrqgv
wr dq dx{loldu| sureohp +dqg wr wkh fhuwdlq sureohp
iru Vw è Vú, dqg ohdgv wr d vwhdg|0vwdwh srooxwlrq
vwrfn aV[ 5 ^ aVúú> aVúú`1 Li Vw ? aV[ wkh srooxwlrq sdwk
lqfuhdvhv wrzdugv aV[ dqg li aV[ é Vw é Vú wkh sroox0
wlrq vwrfn lv pdlqwdlqhg dw wklv ohyho1 Lq wklv fdvh/ wkh
xqghuo|lqj GP*v dwwlwxgh wrzdugv lpsuhflvlrq fdq eh
fkdudfwhul}hg lq wkh Kxuzlf}*v fulwhulrq iudphzrun1
Lqghhg wkhuh h{lvwv d é ydoxh vxfk wkdw aVé frlqflghv
zlwk wkh aV[ dvvrfldwhg zlwk wkh sduwlfxodu [ fkrvhq
e| wkh GP1







6 D qxphulfdo h{dpsoh


Lq wklv odvw vhfwlrq zh fduu| rxw qxphulfdo vlpxod0
wlrqv ri wkh rswlpdo srooxwlrq dffxpxodwlrq vwhdg|0
vwdwh xqghu kdug xqfhuwdlqw|1 Wkh ?uvw vwhs lv wr exlog
d udqgrp lqwhuydo +wkh phwkrg edvhg xsrq Ghps0
vwhu ^;` lv ghwdlohg lq Frqjdu ^7`,1 Zh wkhq frpsxwh
wkh srvvleoh vwhdg|0vwdwh htxloleuld xqghu kdug xqfhu0
wdlqw|1


Zh fkrrvh vrph vshfl?f ixqfwlrqdo gh?qlwlrqv iru wkh
xwlolw| ri frqvxpswlrq dqg wkh gdpdjh fdxvhg e| sro0
oxwlrq=


X +F, @
F4ý4@ç


4ý 4@ç dqg G +V, @ !
V4.ë


4 . ë
+55,


Wkh sdudphwhuv ydoxhv ri wkh prgho kdyh ehhq duel0
wudulo| vhw1


! ë % ò ã ç
31334 4 318 315 3136 418


Xqghu wkhvh dvvxpswlrqv wkh ghvluhg rswlpdo sroox0
wlrq vwrfn zkhq wkhuh lv qr ulvn ri fdwdvwurskh lv
Vú @ 8:=461 Wkh  rz ri frqvxpswlrq lv wkhq htxdo wr
Fú @ 55=;81


Zh fkrrvh wkh iroorzlqj sdudphwhuv iru wkh Jdxvvldq
mrlqw0ghqvlw| ixqfwlrq jhqhudwlqj wkh udqgrp lqwhuydo=


u p4 p5 â4 â5
318 93 73 43 48


zkhuh u lv wkh fruuhodwlrq frh!flhqw1 Wkhvh ydoxhv
lpso| wkdw wkh h{shfwhg ydoxhv ri wkh h{wuhph ydul0
deohv \ dqg ] duh ç\ @ 8<=;6 dqg ç] @ <<=;7 zklfk
duh erwk juhdwhu wkdq wkh ydoxh ri Vú1 Wkh h{shfwhg
ydoxh ri wkh xqrevhuydeoh yduldeoh ehorqjv wr wkh lq0
whuydo ^8<=;6> <<=;7`1


Zh fdq frpsxwh wkh gl>huhqw vwhdg|0vwdwhv sroox0
wlrq ohyhov fruuhvsrqglqj wr wkh ixqfwlrqv øúú +V,/
øúú +V, @ õ +V,/ ø\ +V, dqg ø] +V,1


aVúú aVúú aV\ aV]
6;1<5 8:146 77144 871<3


Hdfk vwhdg|0vwdwh ydoxh ri V frpsdwleoh zlwk
wkh dydlodeoh lqirupdwlrq ehorqjv wr wkh lqwhuydo
^ aVúú> Vú` * ^6;=<5> 8:=46`1 Wkh vwhdg|0vwdwhv fruuh0
vsrqglqj wr wkh h{wuhph yduldeohv \ dqg ] dovr ehorqj
wr wklv lqwhuydo1 Krzhyhu zh qrwlfh l, wkdw aV\ dqg aV]
duh qrw wkh erxqgv ri wkh lqwhuydo V dqg ll, wkdw aV\ lv
ohvv wkdq aV] 1 Wkh vhfrqg revhuydwlrq vhhpv frxqwhu0
lqwxlwlyh exw fdq eh h{sodlqhg e| wkh idfw wkdw wkh
vwrfkdvwlf grplqdqfh uhodwlrq ehwzhhq wkh wzr u1y1
lpsolhv qr uhodwlrq ri rughu ehwzhhq wkh kd}dug udwhv
dvvrfldwhg zlwk wkhvh yduldeohv1
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Iljxuh 7= Vwhdg|0vwdwh htxloleuld dqg rswlplvp lqgh{


Wkh ?uvw uhvxow phdqv wkdw frqvlghulqj d vlwxdwlrq
ri kdug xqfhuwdlqw| |lhogv vrph uhvxowv wkdw duh qrw
vwudljkwiruzdug1 Lqghhg wkhvh uhvxowv duh pxfk gl>hu0
hqw iurp wkh rqhv wkdw zrxog kdyh ehhq rewdlqhg frq0
vlghulqj d vlwxdwlrq ri vriw xqfhuwdlqw| zlwk d vdihw|
pdujlq durxqg wkh suredelolw| glvwulexwlrq ri wkh fulw0
lfdo srooxwlrq wkuhvkrog1


Iljxuh 7 dqg Wdeoh 4 uhsuhvhqw d ihz vwhdg|0vwdwh sro0
oxwlrq ohyhov fruuhvsrqglqj wr wkh Kxuzlf}*v fulwhulrq
zkhq wkh rswlplvp lqgh{ é ydulhv ehwzhhq }hur dqg
rqh1
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Wdeoh 4= Vwhdg|0vwdwh srooxwlrq vwrfn dqg rswlplvp
lqgh{


Iru wkh vshfl?f sdudphwhuv ydoxhv fkrvhq lq wkhvh qx0
phulfdo vlpxodwlrqv/ zh qrwlfh wkdw wkh htxloleulxp
ohyho ri srooxwlrq grhv qrw hyroyh olqhduo| zlwk uhvshfw
wr wkh rswlplvp lqgh{1 Lqghhg hyhq iru d kljk rswl0
plvp lqgh{ +é @ 3=<, wkh vwhdg|0vwdwh srooxwlrq vwrfn
lv forvhu wr wkh ixoo| shvvlplvwlf htxloleulxp wkdq wr
wkh ixoo| rswlplvwlf rqh1 Wkxv/ lpsuhflvlrq grhv qrw
hqfrxudjh wkh GP wr qhjohfw wkh ulvn ri fdwdvwurskh
h{fhsw iru wkh vshfl?f fdvh ri d ixoo| rswlplvwlf GP
+é @ 4,1


Dffruglqj wr wkhvh uhvxowv lw vhhpv wkdw wkh ehkdylru
ri d ixoo| shvvlplvwlf GP fdq eh wdnhq dv dq dssur{0
lpdwlrq ri wkh ehkdylru ri wkh GP xqghu kdug xq0
fhuwdlqw| zkhq wkhuh lv qr dydlodeoh lqirupdwlrq frq0
fhuqlqj wkh lqglylgxdov* dwwlwxgh wrzdugv lpsuhflvlrq1
Vxfk d uhfrpphqgdwlrq lv wkhq lq olqh zlwk wkh suh0
fdxwlrqdu| sulqflsoh1 Wklv sulqflsoh lq wkh Pddvwulfkw
Wuhdw| vwdwhv wkdw


3wkh devhqfh ri fhuwdlqw| jlyhq rxu fxuuhqw







vflhqwl?f nqrzohgjh vkrxog qrw ghod| wkh xvh
ri phdvxuhv suhyhqwlqj d ulvn ri odujh dqg
luuhyhuvleoh gdpdjh wr wkh hqylurqphqw dw
dq dffhswdeoh frvw41


Dffruglqj wr wklv sulqflsoh/ zh kdyh vkrzq wkdw
+kdug, xqfhuwdlqw| rq wkh ulvn ri hfrorjlfdo fdwdvwur0
skh vkrxog ohdg wr d pruh frqvhuydwlyh srolf| wkdq
wkh rqh wkdw vkrxog eh lpsohphqwhg zkhq rqo| udq0
grpqhvv suhydlov1


7 Frqfoxglqj uhpdunv


Lq wklv sdshu zh kdyh vkrzq wkdw wkh frqfhsw ri kdug
xqfhuwdlqw| lv wudfwdeoh lq dssolhg prghov dqg hvsh0
fldoo| lq rswlpdo srooxwlrq frqwuro prghov1 Lqghhg
forvhg udqgrp lqwhuydov surylgh d frqyhqlhqw iudph0
zrun wr uhsuhvhqw erwk wkhruhwlfdoo| dqg qxphulfdoo|
vlwxdwlrqv ri kdug xqfhuwdlqw| lq hfrqrplf prghov1


Wkh pdlq uhvxow ri wklv sdshu lv wkdw wkh lpsuhfl0
vlrq rq wkh ulvn ri hfrorjlfdo fdwdvwurskh ohdgv wr
d vwhdg|0vwdwh lqwhuydo ru wr dq lqwhuydo ri srvvleoh
vwhdg|0vwdwhv1 Wkh sduwlfxodu ydoxh wr eh fkrvhq dv
d vwhdg|0vwdwh lv ohiw xqghflghg xqohvv wkh ghflvlrq0
pdnhu*v dwwlwxgh wrzdugv lpsuhflvlrq lv wdnhq lqwr df0
frxqw1 Wkh GP*v dpeljxlw| dyhuvlrq +lq wkh vhqvh ri
dyhuvlrq wrzdug lpsuhflvlrq, lv ghdow zlwk wkurxjk wkh
xvh ri dq Kxuzlf}*v olnh fulwhulrq1


Frpsxwdwlrqv ri wkh prgho lqglfdwh wkdw/ zlwkrxw dq|
lqirupdwlrq derxw wkh GP*v dwwlwxgh wrzdugv lpsuh0
flvlrq/ d jrrg dssur{lpdwlrq ri klv ehkdylru frxog
eh wkh rqh ri d ixoo|0shvvlplvwlf GP1 Pruhryhu wklv
ixoo|0shvvlplvwlf GP fkrrvhv wkh orzhu erxqg ri wkh
lqwhuydo ri srvvleoh vwhdg|0vwdwhv dv dq htxloleulxp1
Wkxv d urexvw vwudwhj| xqghu kdug xqfhuwdlqw| lv wr
fkrrvh wkh prvw frqvhuydwlyh ehkdylru1 Wklv uhvxow
looxvwudwhv wkh suhfdxwlrqdu| sulqflsoh1


Dfnqrzohgjhphqwv


Zh zrxog olnh wr wkdqn Dodlq Fkdwhdxqhxi dqg Mhdq0
\yhv Md>ud| iru wkhlu khosixo vxjjhvwlrqv1 Zh zrxog
dovr olnh wr wkdqn wkh sduwlflsdqwv dw wkh vhplqdu rq
Ulvn dqg Lqwhuwhpsrudo Fkrlfhv dw HXUHTxd +Xql0
yhuvlw| Sdulv L, iru wkhlu frpphqwv rq dq hduolhu yhu0
vlrq ri wklv sdshu1 Ilqdoo| zh duh judwhixo wr wkh uhi0
huhhv iru pdq| xvhixo vxjjhvwlrqv1
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